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UNIVERSAL DEFORMATION RINGS OF STRINGS MODULES OVER A CERTAIN
SYMMETRIC TAME ALGEBRA
JOSE´ A. VE´LEZ-MARULANDA
Abstract. Let k be an algebraically closed field, let Λ be a finite dimensional k-algebra and let V be a
Λ-module with stable endomorphism ring isomorphic to k. If Λ is self-injective then V has a universal
deformation ring R(Λ, V ), which is a complete local commutative Noetherian k-algebra with residue field k.
Moreover, if Λ is also a Frobenius k-algebra then R(Λ, V ) is stable under syzygies. We use these facts to
determine the universal deformation rings of string Λr¯-modules whose stable endomorphism ring isomorphic
to k, where Λr¯ is a symmetric special biserial k-algebra that has quiver with relations depending on the
four parameters r¯ = (r0, r1, r2, k) with r0, r1, r2 ≥ 2 and k ≥ 1. Universal deformation rings and Frobenius
algebras and Stable endomorphism rings and Special biserial algebras [2000]16G10 and 16G20 and 20C20
1. Introduction
Let k be a field of arbitrary characteristic, and let denote by Cˆ the category of all complete local com-
mutative Noetherian k-algebras with residue field k. Suppose that Λ is a fixed finite dimensional k-algebra
and let V be a finitely generated Λ-module. Let R be an arbitrary object in Cˆ. A lift (M,φ) of V over R
is a finitely generated R ⊗k Λ-module M that is free over R together with an isomorphism of Λ-modules
φ : k ⊗R M → V . If Λ is self-injective and the stable endomorphism ring of V is isomorphic to k, then
there exists a particular object R(Λ, V ) in Cˆ and a lift (U(Λ, V ), φU(Λ,V )) of V over R(Λ, V ), which is uni-
versal with respect to all isomorphism classes of lifts of V over such k-algebras R (see [10] and §2). The
ring R(Λ, V ) and the isomorphism class of the lift (U(Λ, V ), φU(Λ,V )) are respectively called the universal
deformation ring and the universal deformation of V . Traditionally, universal deformations rings are stud-
ied when Λ is equal to a group algebra kG, where G is a finite group and k has positive characteristic p
(see e.g., [3, 4, 5, 6, 7, 8, 9]). In particular, it was proved by F. M. Bleher and T. Chinburg in [4]
that if V is a finitely generated kG-module whose stable endomorphism ring is isomorphic to k, then V
has a universal deformation ring R(G, V ). Observe that kG is an example of a self-injective k-algebra (see
e.g., [2, Prop. 3.1.2]). This approach has recently led to the solution of various open problems, e.g., the
construction of representations whose universal deformation rings are not local complete intersections (see
[3, 5, 6]). Universal deformation rings of modules over more general finite dimensional algebras have been
studied by many authors in different contexts (see e.g., [14, 18] and their references). The main motivation
of this article is that sophisticated results from representation theory of finite dimensional algebras, such
as Auslander-Reiten quivers, stable equivalences, and combinatorial description of modules can be used to
arrive at a deeper understanding of universal deformation rings.
In this article, we assume that k is algebraically closed and consider the basic k-algebra
(1) Λr¯ = kQ/Ir¯
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where r¯ = (r0, r1, r2, k) with r0, r1, r2 ≥ 2, k ≥ 1, Q is the quiver
Q = .
0
ζ0 <<
τ0 // .
1
τ1
☎☎
☎☎
☎☎
☎
ζ1bb
.
2
τ2
]]❀❀❀❀❀❀❀❀
ζ2
\\
and Ir¯ is the ideal of the path algebra kQ generated by the relations
{τ0ζ0, ζ1τ0, τ1ζ1, ζ2τ1, τ2ζ2, ζ0τ2, ζ
r0
0 − (τ2τ1τ0)
k, ζr11 − (τ0τ2τ1)
k, ζr22 − (τ1τ0τ2)
k}.
The algebra Λr¯ is among the class of algebras of dihedral type, which were introduced by K. Erdmann
in [13] to classify all tame blocks of group algebras of finite groups with dihedral defect groups up to Morita
equivalence. However, Λr¯ is not Morita equivalent to a block of a group algebra (see [13, Lemma IX.5.4]).
Since Λr¯ is a special biserial algebra, all the non-projective indecomposable Λr¯-modules can be described
combinatorially as so-called strings and bands modules as introduced in [11] (see also §3.1). We denote by
Γs(Λr¯) the stable Auslander-Reiten quiver of Λr¯. The components of Γs(Λr¯) consisting in string modules
are two 3-tubes and infinitely many components of type ZA∞∞. The components consisting of band modules
are infinitely many 1-tubes.
In [10], the particular case r¯ = (2, 2, 2, 1) has being considered. In particular, there are exactly three
components C of Γs(Λr¯) of type ZA
∞
∞, which each contain a simple Λr¯-module. If C is such a component
then Ω(C) = C and there are exactly three Ω-orbits of Λ(2,2,2,1)-modules in C whose stable endomorphism
ring is isomorphic to k; the universal deformation rings are either isomorphic to k, or to k[[t]]/(t2), or to
k[[t]] (see [10, Prop. 3.9]). Moreover, if T is one 3-tubes of Γs(Λ(2,2,2,1)) then Ω(T) is the other 3-tube and
there are exactly three Ω-orbits of Λ(2,2,2,1)-modules in T whose stable endomorphism ring is isomorphic to
k; the universal deformation rings are either isomorphic to k or to k[[t]] (see [10, Prop. 3.11]).
In this article, we let r¯ = (r0, r1, r2, k) with r0, r1, r2 ≥ 2 and k ≥ 1 be arbitrary. We study the two
3-tubes and the components C of Γs(Λr¯) of type ZA
∞
∞ containing a module whose endomorphism ring is
isomorphic to k. Our goal is to investigate how universal deformation rings change when inflating modules
from Λ(r0,r1,r2,k) to Λ(r′0,r′1,r′2,k′), where Λ(r′0,r′1,r′2,k′) surjects onto Λ(r0,r1,r2,k) when r
′
0 ≥ r0, r
′
1 ≥ r1, r
′
2 ≥ r2,
k′ ≥ k.
If M and N are two indecomposable Λr¯-modules belonging to the same component of Γs(Λr¯), we say that
N is a successor of M provided that there exists an irreducible homomorphism M → N . Throughout this
article, we identify the vertices of the quiver Q with elements of the cyclic group with three elements Z/3.
A summary of the main results concerning Λr¯ = kQ/Ir¯ is as follows (cf. [10, Prop. 3.9, Prop. 3.11]); for
more precise statements, see Propositions 4.1, 4.4, 4.5 and 4.6.
Theorem 1.1. Let Λr¯ be as in (1) where r¯ = (r0, r1, r2, k) with r0, r1, r2 ≥ 2 and k ≥ 1, and let Γs(Λr¯)
denote the stable Auslander- Reiten quiver of Λr¯.
(i) If T is one of two the 3-tubes then Ω(T) is the other 3-tube. There are exactly three Ω-orbits of
modules in T ∪ Ω(T) whose stable endomorphism ring is isomorphic to k. If X0 is a module that
belongs to the boundary of T, then these three Ω-orbits are represented by X0, by a successor X1 of
X0, and by a successor X2 of X1 that does not lie in the Ω-orbit of X0. The universal deformation
rings are
R(Λr¯, X0) ∼= k, R(Λr¯, X1) ∼= k, R(Λr¯, X2) ∼= k[[t]].
(ii) There are exactly three distinct components A0, A1 and A2 of Γs(Λr¯) of type ZA
∞
∞, which each
contain exactly one simple Λr¯-module. For all i ∈ {0, 1, 2} mod 3, the component Ai is Ω-stable
if and only if ri = 2 and there are exactly three Ω-orbits of modules in Ai ∪ Ω(Ai) whose stable
endomorphism ring is isomorphic to k. If for all i ∈ {0, 1, 2} mod 3, Ui,0 denotes the unique
simple module lying in Ai, then these three Ω-orbits are represented by Ui,0, by a successor Ui,1
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of Ui,0, and by a successor Ui,2 of Ui,1 that does not lie in the Ω-orbit of Ui,0. The universal
deformation rings are
R(Λr¯, Ui,0) ∼= k[[t]]/(t
ri), R(Λr¯, Ui,1) ∼= k, R(Λr¯, Ui,2) ∼= k[[t]].
(iii) There are three distinct components B0, B1 and B2 of Γs(Λr¯) of type ZA
∞
∞ that contain exactly a
module of length 1 whose endomorphism ring is isomorphic to k. Let i ∈ {0, 1, 2} mod 3 and let
Vi,0 be a module of minimal length in Bi. If k = 1 then Bi = Ω(Ai+2), where Ai+2 is as in (ii).
In particular, Bi is Ω-stable if and only if k = 1 and ri+2 = 2. There are exactly three Ω-orbits of
modules in Bi ∪ Ω(Bi) whose stable endomorphism ring is isomorphic to k. These three Ω-orbits
are represented by Vi,0, by a successor Vi,1 of Vi,0, and by a successor Vi,−1 of Vi,0 that does not lie
in the Ω-orbit of Vi,1. If k = 1 then the universal deformation rings are
R(Λr¯, Vi,0) ∼= k, R(Λr¯, Vi,1) ∼= k[[t]]/(t
ri+2), R(Λr¯, Vi,−1) ∼= k[[t]].
If k ≥ 2 then the universal deformation rings are
R(Λr¯, Vi,0) ∼= k, R(Λr¯, Vi,1) ∼= k[[t]], R(Λr¯, Vi,−1) ∼= k[[t]].
(iv) If k ≥ 2 then there are three distinct components C0, C1 and C2 of Γs(Λr¯) of type ZA
∞
∞, which each
contain a module of length 2 whose endomorphism rings is isomorphic to k. Let i ∈ {0, 1, 2} mod 3
and let Wi,0 be a module of minimal length in Bi. For all i ∈ {0, 1, 2} mod 3, the component Ci
is Ω-stable if and only if k = 2, and there are exactly three Ω-orbits of modules in Ci whose stable
endomorphism ring is isomorphic to k. These three Ω-orbits are represented by Wi,0, by a successor
Wi,−1 of Wi,0, and by a successor Wi,−2 of Wi,−1 that does not lie in the Ω-orbit of Wi,0. The
universal deformation rings are
R(Λr¯,Wi,0) ∼= k[[t]]/(t
k), R(Λr¯,Wi,−1) ∼= k, R(Λr¯,Wi,−2) ∼= k[[t]].
This article is organized as follows. In §2, we recall the definitions of deformations and universal defor-
mation rings and summarize some of their properties. In §3, we give a precise description of string modules
for Λr¯, describe the components of Γs(Λr¯) that contain string modules using hooks and co-hooks (see [11]),
and give a description of the homomorphisms between strings modules as determined in [15]. Moreover, we
describe the indecomposable projective modules for Λr¯ and classify all Λr¯-modules with endomorphism ring
isomorphic to k (see Proposition 3.1). In §4, we prove Theorem 1.1.
See e.g., [1, 2, 13] for further information about basic concepts from representation theory of finite di-
mensional algebras, such as the definition and properties of the syzygy functor Ω and the definition of the
Auslander-Reiten quiver of an arbitrary Artinian algebra Λ.
2. Universal Deformation Rings
Let k be a a field of arbitrary characteristic and denote by Cˆ the category of all complete local commu-
tative Noetherian k-algebras with residue field k. Note that the morphisms in Cˆ are continuous k-algebra
homomorphisms that induce the identity map on k. Suppose that Λ is a finite dimensional k-algebra and V is
a fixed finitely generated Λ-module. We denote by EndΛ(V ) (respectively, by EndΛ(V )) the endomorphism
ring (respectively, the stable endomorphism ring) of V . Let R be an arbitrary object in Cˆ. A lift (M,φ)
of V over R is a finitely generated R ⊗k Λ-module M that is free over R together with an isomorphism
of Λ-modules φ : k ⊗R M → V . Two lifts (M,φ) and (M
′, φ′) over R are isomorphic if there exists an
R ⊗k Λ-module isomorphism f : M → M
′ such that φ′ ◦ (idk ⊗ f) = φ, where idk denotes the identity
map on k. If (M,φ) is a lift of V over R we denote by [M,φ] its isomorphism class and say that [M,φ]
is a deformation of V over R. We denote by DefΛ(V,R) the set of all deformations of V over R. The
deformation functor over V is the covariant functor FˆV : Cˆ → Sets defined as follows: for all objects R in Cˆ
define FˆV (R) = DefΛ(V,R) and for all morphisms α : R→ R
′ in in Cˆ let FˆV (α) : DefΛ(V,R)→ DefΛ(V,R
′)
be defined as FˆV (α)([M,φ]) = [R
′ ⊗R,α M,φα], where φα : k ⊗R′ (R
′ ⊗R,α M) → V is the composition of
Λ-module isomorphisms
k⊗R′ (R
′ ⊗R,α M) ∼= k⊗R M
φ
−→ V.
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Suppose there exists an object R(Λ, V ) in Cˆ and a deformation [U(Λ, V ), φU(Λ,V )] of V over R(Λ, V )
with the following property. For each R in Cˆ and for all lifts M of V over R there exists a morphism
υ : R(Λ, V )→ R in Cˆ such that
FˆV (υ)[U(Λ, V ), φU(Λ,V )] = [M,φ],
and moreover υ is unique if R is the ring of dual numbers k[[t]]]/(t2). Then R(Λ, V ) and [U(Λ, V ), φU(Λ,V )]
are respectively called the versal deformation ring and versal deformation of V . If the morphism υ is unique
for all R in Cˆ and lifts (M,φ) of V over R, then R(Λ, V ) and [U(Λ, V ), φU(Λ,V )] are respectively called the
universal deformation ring and the universal deformation of V . In other words, the universal deformation
ring R(Λ, V ) represents the deformation functor FˆV in the sense that FˆV is naturally isomorphic to the
Hom functor Hom
Cˆ
(R(Λ, V ),−). Using Schlessinger’s criteria [17, Thm. 2.11] and using methods similar to
those in [16], it is straightforward to prove that the deformation functor FˆV is continuous, that every finitely
generated Λ-module V has a versal deformation ring and that this versal deformation is universal provided
that the endomorphism ring EndΛ(V ) is isomorphic to k (see [10, Prop. 2.1]).
Recall that the k-algebra Λ is said to be self-injective if the regular left Λ-module ΛΛ is injective and
that Λ is called a Frobenius algebra provided that the right Λ- modules ΛΛ and (ΛΛ)
∗ = Homk(ΛΛ, k) are
isomorphic. Recall also that Λ is said to be a symmetric algebra provided that Λ is a Frobenius algebra and
there exists a non-degenerate associative bilinear form θ : Λ × Λ → k with θ(a, b) = θ(b, a) for all a, b ∈ Λ.
By [12, Prop. 9.9], every Frobenius algebra is self-injective.
Remark 2.1. If Λ is self-injective and (M,φ) is a lift of V over an object R in Cˆ with EndΛ(V )
∼= k, then the
deformation [M,φ] does not depend on the particular choice of the Λ-module isomorphism. More precisely,
if f : M → M ′ is an R ⊗k Λ-module isomorphism with (M
′, φ′) a lift of V over R, then there exists an
R⊗k Λ-module isomorphism f¯ : M →M
′ such that φ′ ◦ (idk⊗R f¯) = φ. In other words, [M,φ] = [M
′, φ′] in
FˆV (R) = DefΛ(V,R) (see [10, Thm. 2.6]).
We denote the first syzygy of V by ΩV , i.e., ΩV is the kernel of a projective cover PV → V , (see e.g., [1,
pp. 124-126]).
Example 2.2. Let G be a finite group and consider the group algebra kG, which is a self-injective k-algebra
(see e.g., [2, Prop. 3.1.2] and [12, Prop. 9.6]). It was proved in [4] that if V is a finitely generated kG-
module whose stable endomorphism ring is isomorphic to k then V has a universal deformation ring R(kG, V ).
Moreover, the stable endomorphism ring of ΩV is also isomorphic to k and the universal deformation rings
R(kG, V ) and R(kG,ΩV ) of V and ΩV , respectively, are isomorphic.
The following result generalizes the properties of universal deformation rings mentioned in Example 2.2
to arbitrary Frobenius k-algebras (see [10, Thm. 2.6]).
Theorem 2.3. Let Λ be a finite dimensional self-injective k-algebra, and suppose that V is a finitely generated
Λ-module whose stable endomorphism ring EndΛ(V ) is isomorphic to k.
(i) The module V has a universal deformation ring R(Λ, V ).
(ii) If P is a finitely generated projective Λ-module, then EndΛ(V ⊕P )
∼= k and R(Λ, V ) ∼= R(Λ, V ⊕P ).
(iii) If Λ is also a Frobenius algebra, then EndΛ(ΩV )
∼= k and R(Λ, V ) ∼= R(Λ,ΩV ).
3. Some Remarks about the Representation Theory of Λr¯ and classification of Λr¯-modules
whose endomorphism ring is isomorphic to k
For the remainder of this article, let k be an algebraically closed field of arbitrary characteristic and let
Λr¯ = kQ/Ir¯ as in (1). We identify the vertices of Q with elements of Z/3 (the cyclic group of three elements).
The algebra Λr¯ is one of the algebras of dihedral type studied by K. Erdmann in [13]. In particular,
Λr¯ is a symmetric k- algebra. However, by [13, Lemma IX.5.4], Λr¯ is not Morita equivalent to a block of a
group algebra. Since Λr¯ is a special biserial algebra, all the non-projective indecomposable Λr¯-modules can
be described combinatorially as so-called strings and bands modules (see [11]). In this article, we are only
concerned about these string modules, which are described as follows.
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3.1. String modules for Λr¯. Given each arrow ζ0, τ0, ζ1, τ1, ζ2, τ2 of Q, we define a formal inverse by ζ
−1
0 ,
τ−10 , ζ
−1
1 , τ
−1
1 , ζ
−1
2 , τ
−1
2 , respectively. Let s(ζ0) = 0 = s(ζ
−1
0 ), s(τ0) = 0 = s(τ
−1
2 ), s(ζ1) = 1 = s(ζ
−1
1 ),
s(τ1) = 1 = s(τ
−1
0 ), s(ζ2) = 2 = s(ζ
−1
2 ) and s(τ2) = 2 = s(τ
−1
1 ). Let e(ζ0) = 0 = e(ζ
−1
0 ), e(τ0) = 1 = e(τ
−1
1 ),
e(ζ1) = 1 = e(ζ
−1
1 ), e(τ1) = 2 = s(τ
−1
2 ), e(ζ2) = 2 = e(ζ
−1
2 ) and e(τ2) = 0 = e(τ
−1
0 ). By a word of length
n ≥ 1 we mean a sequence wn · · ·w1, where the wj is either an arrow or a formal inverse of an arrow and
where s(wj+1) = e(wj) for 1 ≤ j ≤ n − 1. We define (wn · · ·w1)
−1 = w1
−1 · · ·wn
−1, s(wn · · ·w1) = s(w1)
and e(wn · · ·w1) = e(wn). If i ∈ {0, 1, 2} mod 3 is a vertex of Q, we define an empty word 1i of length
zero with e(1i) = i = s(1i) and (1i)
−1 = 1i. For all i ∈ {0, 1, 2} mod 3 there exists a path in Q of length 3
starting and ending at i, namely
(2) ci = τi+2τi+1τi.
Denote by W the set of all words and let
J = {ζr00 , ζ
r2
1 , ζ
r3
2 , τ0ζ0, ζ1τ0, τ1ζ1, ζ2τ1, τ2ζ2, ζ0τ2, c
k
0 , c
k
1 , c
k
2}.
Let ∼ be the equivalence relation on W defined by w ∼ w′ if and only if w = w′ or w−1 = w′. A string is a
representative C of an equivalence class under the relation ∼ where either C = 1i for some vertex i of Q, or
C = wn · · ·w1 with n ≥ 1 and wj 6= w
−1
j+1 for 1 ≤ j ≤ n−1 and no sub-word of C or its formal inverse belong
to J . If C is a string such that s(C) = e(C), then we let C0 = 1
e(C). If C = wn · · ·w1 and D = vm · · · v1
are strings of length n,m ≥ 1, respectively, we say that the composition of C and D is defined provided
that wn · · ·w1vm · · · v1 is a string, and write CD = wn · · ·w1vm · · · v1; we say that the composition of C with
1i is defined provided s(C) = i (respectively, e(C) = i), and in this case we have C1i ∼ C (respectively,
1iC ∼ C). In particular, if C = wn · · ·w1 is a string of length n ≥ 1 then C ∼ wn · · ·wj+11e(wj)wj · · ·w1
for all 1 ≤ j ≤ n− 1. If C = wn · · ·w1 is a string of length n ≥ 1 then there exists and indecomposable Λr¯-
module M [C], called the string module corresponding to the string representative C, which can be described
as follows. There is an ordered k-basis {z0, z1, . . . , zn} of M [C] such that the action of Λr¯ on M [C] is
given by the following representation ϕC : Λr¯ → Mat(n + 1, k). Let v(j) = e(wj) for 0 ≤ j ≤ n − 1 and
v(n) = s(wn). Then for each vertex i ∈ {0, 1, 2} mod 3 and for each arrow ζ ∈ {ζ0, τ0, ζ1, τ1, ζ2, τ2} in Q
and for all 0 ≤ j ≤ n define
ϕC(i)(zj) =
{
zj, if v(j) = i
0, otherwise
and ϕC(ζ)(zj) =


zj−1, if wj = ζ
zj+1, if wj+1 = ζ
−1
0, otherwise
(3)
We call ϕC the canonical representation and {z0, z1, . . . , zn} a canonical k-basis for M [C] relative to the
string representative C. Note that M [C] ∼= M [C−1]. If C = 1i with i ∈ {0, 1, 2} mod 3 then M [C] is the
simple Λr¯-module corresponding to vertex i. We denote the simple Λr¯-modules corresponding to the vertices
0, 1 and 2 of Q by M [10], M [11] and M [12], respectively.
3.2. The stable Auslander-Reiten quiver of Λr¯. We denote by Γs(Λr¯) the stable Auslander-Reiten
quiver of Λr¯ (see [1, VII]). For all i ∈ {0, 1, 2} mod 3 there exists a path in Q of length 3 starting and ending
at i, namely
(4) ci = τi+2τi+1τi.
The components C of Γs(Λr¯) consisting of string Λr¯-modules are two 3-tubes and infinitely many non-
periodic components of type ZA∞∞. In the following, we describe the irreducible morphism between string
Λr¯-modules.
Assume C = wnwn−1 · · ·w1 with n ≥ 1 is a string. We say that C is directed if all wj are arrows and we
say that C is a maximal directed string if C is directed and if for any arrow ζ in Q, ζC ∈ J . Let M be the
set of all maximal directed strings, i.e.,
M = {ζr0−10 , ζ
r1−1
1 , ζ
r2−1
2 , c
k−1
0 τ2τ1, c
k−1
1 τ0τ2, c
k−1
2 τ1τ0}.
Let C be a string. We say that C starts on a peak (respectively, starts in a deep) provided that there is no
arrow ζ in Q such that Cζ (respectively, Cζ−1) is a string; we also say that C ends in a peak (respectively,
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ends in a deep) provided that there is no arrow γ in Q such that γ−1C (respectively, γC) is a string. If C
is a string not starting on a peak (respectively, not starting in a deep) , say Cζ (respectively, Cζ−1) is a
string for some arrow ζ then there is a unique directed string D ∈ M such that Ch = CζD
−1 (respectively,
Cc = Cζ
−1D) is a string. We say Ch (respectively, Cc) is obtained from C by adding a hook (respectively, a
co-hook) on the right side. Dually, if C is a string not ending on a peak (respectively, not ending in a deep),
say γ−1C (respectively, γC) is a string for some arrow γ in Q then there is a unique directed string E ∈M
such that hC = Eγ
−1C (respectively, cC = E
−1γD) is a string. We say hC (respectively, cC) is obtained
from C by adding a hook (respectively, a co-hook) on the left side. By [11], all irreducible morphisms between
string modules are either canonical injections M [C] → M [Ch], M [C] → M [hC], or canonical projections
M [Cc] → M [C], M [cC] → M [C]. Suppose M [C] is a string module of minimal length such that M [C]
belongs to a component C of Γs(Λr¯) of type ZA
∞
∞. Since none of the projective Λr¯-modules is uniserial then
...
...
...
...
· · · M [Ccc] M [hCc] M [hhC] · · ·
· · · M [Cc] M [hC] · · ·
· · · M [cCc] M [C] M [hCh] · · ·
· · · M [cC] M [Ch] · · ·
· · · M [ccC] M [cCh] M [Chh] · · ·
...
...
...
...
.......................
.
....
...
....
....
......
... ....................
...
...
...
....
....
.....
... ....................
..
....
....
....
...
.
...
...
...
....
....
...
.......
... ...................
...
....
...
...
.......
... ................
..
....
....
...
.....
... ...................
...
.......................
.
....
....
....
.......
... .................... .
..
....
....
...
....
....
.. ................
...
...
...
...
....
......
...
...
....
....
...
.......
... .................
..
....
....
....
...
.....
... ...................
..
....
....
...
.....
... ................... .
..
......................
..
...
...
....
......
... ................
...
...
....
...
.....
... ................
...
...
...
...
....
......
...
...
....
....
...
.......
... ......................
..
....
....
....
....
.
...
... ....................
..
....
....
...
....
....
... ................... .
..
Figure 1. The stable Auslander-Reiten component near M [C].
near M [C] the component C looks as in Figure 1.
3.3. Homomorphisms between string modules for Λr¯. Let S and T be strings for Λr¯. Suppose C is a
substring of both S and T such that the following conditions (i) and (ii) are satisfied.
(i) S ∼ BCD, where B is a substring which is either of length zero or B = B′ζ for an arrow ζ, and D
is a substring which is either of length zero or D = γ−1D′ for an arrow γ, i.e., S ∼ B′
τ
←− C
ϕ
−→ D′.
(ii) T ∼ ECF , where E is a substring which is either of length zero or E = E′ǫ−1 for an arrow ǫ, and
F is a substring which is either of length zero or F = µF ′ for an arrow µ, i.e., T ∼ E′
ǫ
−→ C
µ
←− F ′.
Then by [15] there exists a composition of Λr¯-module homomorphisms
(5) σC :M [S]։M [C] →֒M [T ].
We call σC a canonical homomorphism from M [S] to M [T ] that factors through M [C]. It follows from [15]
that each Λr¯-module homomorphism from M [S] to M [T ] can be written uniquely as a k-linear combina-
tion of canonical Λr¯-module homomorphisms as in (5). In particular, if M [S] = M [T ] then the canonical
endomorphisms generate EndΛr¯ (M [S]).
3.4. Projective Indecomposable Λr¯-modules and modules whose endomorphism ring is isomor-
phic to k. For all i ∈ {0, 1, 2} mod 3 vertex of Q, the radical series of the projective indecomposable
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Λr¯-module Pi can be described as in the following figure.
Pi =
M [1i]
M [1i+1]
M [1i+2]
M [1i]
M [1i]
M [1i]
M [1i]
.....................
..
..
τi
................................
....
τi+1
................................
....
τi+2
.....
......
........
.
ck−1i
.............................
..
ζi
.......
.......
.......
.......
.......
.......
.......
...
....
ζri−2i
..........................
.... ζi
(6)
The following result provides a classification of all Λr¯-modules whose endomorphism ring is isomorphic
to k.
Proposition 3.1. Let M [S] be a string Λr¯-module, where r¯ = (r0, r1, r2, k) and r0, r1, r2 ≥ 2, k ≥ 1.
Then M [S] has endomorphism ring isomorphic to k if and only if for some i ∈ {0, 1, 2} mod 3 the string
representative S is equivalent either to 1i, or to τi, or to τi+1τi.
Proof. If S is equivalent either to one of the strings 10,11, or to 12, then it follows from Schur’s Lemma that
EndΛ(M [S]) ∼= k. If S is either equivalent to one of the strings τ0, τ1, τ2, τ1τ0, τ2τ1, or to τ0τ2 then the only
canonical endomorphism in EndΛr¯ (M [S]) is the identity homomorphism, which implies that EndΛr¯ (M [S]) is
one-dimensional over k. Next assume that M [S] is a string Λr¯-module with endomorphism ring isomorphic
to k. Let denote by n the length of S. If n = 0 then S is equivalent either to 10, or to 11, or to 12. If
n = 1 then S is equivalent to an arrow. By hypothesis, S is equivalent neither to ζ0, nor to ζ1, nor to ζ2,
for otherwise dimk EndΛr¯ (M [S]) ≥ 2. This implies that S is equivalent either to τ0, or to τ1, or to τ2. For
the remainder of the proof, assume that n ≥ 2 and let m be maximal such that the string representative S
contains a substring equivalent to ζ−mi for some i ∈ {0, 1, 2} mod 3, and put m = 0 provided that S does
not contain as substring any of the strings ζ0, ζ1, ζ2 or any of their formal inverses. If m > 0 then there
exist suitable strings D and D′ such that S ∼ Dζ−mi D
′. It follows from the maximality of m that the string
ζ−mi starts in a deep and ends on a peak. Therefore, there exists a non- trivial canonical endomorphism
of M [S] factoring through M [1i] implying that dimk EndΛr¯ (M [S]) ≥ 2, which contradicts our hypothesis.
Thus m = 0, implying that S does not contain as substrings the arrows ζ0, ζ1, or ζ2 or any of their formal
inverses. Thus, there exist i ∈ {0, 1, 2} mod 3 and an integer l ∈ {0, . . . , k − 1} such that either S ∼ cliτi+2
or S ∼ cliτi+2τi+1. If l = 0 then S is equivalent either to τ1τ0, or to τ2τ1, or to τ0τ2. Assume then that
l > 0. If S ∼ cliτi+2 (respectively, S ∼ c
l
iτi+2τi+1) then there exists a non-trivial canonical endomorphism of
M [S] factoring through M [τi+2] (respectively, through M [τi+2τi+1]) implying that dimk EndΛr¯ (M [S]) ≥ 2,
contradicting again our hypothesis. This finishes the proof of Proposition 3.1. 
4. Components of Γs(Λr¯) of type ZA
∞
∞ containing a module whose endomorphism ring is
isomorphic to k and 3-tubes
For all i ∈ {0, 1, 2} mod 3 we define:
ai = τiζ
−ri+1
i bi = c
k−1
i+2 τi+1τiζ
−1
i(7)
4.1. Components of Γs(Λr¯) of type ZA
∞
∞ containing a module whose endomorphism ring is
isomorphic to k.
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Proposition 4.1. For i ∈ {0, 1, 2} mod 3, let Ai be the component of the stable Auslander-Reiten quiver
of Λr¯ containing the simple Λr¯-module M [1i], where r¯ = (r0, r1, r2, k) and r0, r1, r2 ≥ 2, k ≥ 1. Define
(1i)h = ai+2 and (1i)hh = ai+2ai+1.
The component Ai is Ω-stable if and only if for ri = 2. If k = 1 then the module M [τi+1] lies in Ω(Ai). The
modules in Ai ∪ Ω(Ai) whose stable endomorphism rings are isomorphic to k are precisely the modules in
Ω-orbits of the modules U0 = M [1i], U1 = M [(1i)h] and U2 =M [(1i)hh]. Their universal deformation rings
are
R(Λr¯, U0) ∼= k[[t]]/(t
ri), R(Λr¯, U1) ∼= k, R(Λr¯, U2) ∼= k[[t]].
Proof. Let i ∈ {0, 1, 2} mod 3 be fixed. Using hooks and co-hooks (see §3.2), we see that all Λr¯-modules in
Ai ∪Ω(Ai) lie in the Ω-orbit of either
Aq,0 = M [(ai+2ai+1ai)
q], or
Aq,1 = M [(ai+2ai+1ai)
qai+2], or
Aq,2 = M [(ai+2ai+1ai)
qai+2ai+1], or
Bq,0 = M [(bi+1bi+2bi)
q], or
Bq,1 = M [bi(bi+1bi+2bi)
q], or
Bq,2 = M [bi+2bi(bi+1bi+2bi)
q]
for some q ≥ 0. Note for example that A0,0 = M [1i] = B0,0, A0,1 = M [(1i)h], A0,2 = M [(1i)hh], B0,1 =
M [h(1i)] and B0,2 = M [hh(1i)]. Since ΩM [1i] = M [ζ
−ri+1
i c
k−1
i τi+2τi+1] then Ai = Ω(Ai) if and only if
ri = 2; and that if k = 1 then Ω(M [1i]) = M [c(τi+1)].
Using §3.3 and the description of the projective indecomposable Λr¯-module Pi in (6), it is straight for-
ward to show that the stable endomorphism ring of A0,j is isomorphic to k for j ∈ {0, 1, 2} and that
Ext1Λr¯ (A0,j , A0,j) is isomorphic to k for j ∈ {0, 2} and zero for j = 1. On the other hand, for q ≥ 1 and for
j ∈ {0, 1, 2}, the Λr¯-module Aq,j has a non-zero endomorphism which factors through M [1i] and which does
not factor through a projective Λr¯-module. Assume that ri = 2. Since in this case Ai is Ω-stable, then for all
j ∈ {0, 1, 2} mod 3 and for all q ≥ 0, the Λr¯-module Bq,j lies in the Ω- orbit of Aq′,j′ for some j
′ ∈ {0, 1, 2}
and q′ ≥ 0. In particular, B0,1 = Ω
−1A0,0, B0,2 = Ω
−1A0,1 and B1,0 = Ω
−1A0,2. If ri ≥ 3 then each of the
modules B0,1, B0,2 and Bq,j with j ∈ {0, 1, 2} and q ≥ 1 have a non-zero endomorphism factoring through
M [1i] and which does not factor through a projective Λr¯-module. Therefore, for all ri ≥ 2, the modules in
Ai ∪ Ω(Ai) whose stable endomorphism rings are isomorphic to k are precisely the modules in Ω-orbits of
the modules A0,0, A0,1 and A0,2.
Since Ext1Λr¯ (A0,1, A0,1) = 0, it follows that R(Λr¯, A0,1)
∼= k. Since Ext1Λr¯ (A0,j , A0,j) is isomorphic to k
for j ∈ {0, 2}, it follows that R(Λr¯, A0,j) is a quotient of k[[t]] for j ∈ {0, 2}.
Let consider the Λr¯-module A0,0 = M [1i].
Claim 4.2. The universal deformation ring R(Λr¯, A0,0) of A0,0 is isomorphic to k[[t]]/(t
ri).
Proof of Claim. For all l ∈ {0, . . . , ri − 1} let Sl = ζ
−l
i . Then for all l ∈ {1, . . . , ri − 1} there exists a
non-trivial canonical endomorphism σl of the Λr¯-module M [Sl] which factors through M [Sl−1], namely
(8) σl :M [Sl]։M [Sl−1] →֒M [Sl].
Observe that the kernel of σl and the image of σ
l−1
l are isomorphic to A0,0, and that σ
l
l = 0. Thus, for all
l ∈ {0, . . . , ri − 1}, the Λr¯-module M [Sl] is naturally a k[[t]]/(t
l+1)⊗k Λr¯-module where the action of t over
m ∈M [Sl] is given as t ·m = σl(m). In particular, tM [Sl] ∼=M [Sl−1] for all l ∈ {1, . . . , ri − 1}.
Let l ∈ {1, . . . , ri − 1} be fixed and let {b¯1} be a k-basis of A0,0. Using the isomorphism M [Sl]/tM [Sl] ∼=
A0,0, we can lift b¯1 to an element b1 ∈ M [Sl]. It follows that {b1} is linearly independent over k and that
{tab1 : 0 ≤ a ≤ l} is a k-basis of tM [Sl] ∼= M [Sl−1]. Therefore, {b1} is a k[[t]]/(t
l+1)-basis of M [Sl], which
means that M [Sl] is free over k[[t]]/(t
l+1). Moreover, M [Sl] lies in a short exact sequences of Λr¯-modules
0→ tM [Sl]→M [Sl]→ k⊗k[[t]]/(tl+1) M [Sl]→ 0.
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Consequently, there exists an isomorphism of Λr¯-modules φl : k⊗k[[t]]/(tl+1)M [Sl]→ A0,0, which implies that
(M [Sl], φl) is a lift of A0,0 over k[[t]]/(t
l+1). Consider the lift (M [Sri−1], φri−1) of A0,0 over k[[t]]/(t
ri). Since
EndΛr¯ (A0,0)
∼= k then by Theorem 2.3(i), there exists a unique morphism α : R(Λr¯, A0,0)→ k[[t]]/(t
ri) in Cˆ
such thatM [Sri−1]
∼= k[[t]]/(tri)⊗R(Λr¯ ,A0,0),αU(Λr¯, A0,0), where R(Λr¯, A0,0) and U(Λr¯, A0,0) are respectively
the universal deformation ring and the universal deformation of the Λr¯-module A0,0. Since (M [S1], φ1) is
not the trivial lift of A0,0 over k[[t]]/(t
2), it follows that there exists a unique surjective morphism α′ :
R(Λr¯, A0,0) → k[[t]]/(t
2) in Cˆ such that M [S1] ∼= k[[t]]/(t
2) ⊗R(Λr¯ ,A0,0),α′ U(Λr¯, A0,0). By considering the
natural projection πri,2 : k[[t]]/(t
ri)→ k[[t]]/(t2) and the lift (U ′, φU ′) of A0,0 over k[[t]]/(t
2) corresponding
to the morphism πri,2 ◦ α, we obtain
U ′ ∼= k[[t]]/(t2)⊗R(Λr¯ ,A0,0),πri,2◦α U(Λr¯, A0,0)
∼= k[[t]]/(t2)⊗k[[t]]/(tri),πri,2
(
k[[t]]/(tri)⊗R(Λr¯ ,A0,0),α U(Λr¯, A0,0)
)
∼= k[[t]]/(t2)⊗k[[t]]/(tri),πri,2 M [Sri−1]
∼= M [Sri−1]/t
2M [Sri−1]
∼= M [S1].
It follows from Remark 2.1 that [U ′, φU ′ ] = [M [S1], φ1] in FˆA0,0(k[[t]]/(t
2)). The uniqueness of α′ implies
α′ = πri,2 ◦ α. Since α
′ is surjective, it follows that α is also surjective. We want to prove that α is
an isomorphism. Suppose this is false. Then there exists a surjective k- algebra homomorphism α0 :
R(Λr¯, A0,0) → k[[t]]/(t
ri+1) in Cˆ such that πri+1,ri ◦ α0 = α, where πri+1,ri : k[[t]]/(t
ri+1) → k[[t]]/(tri) is
the natural projection. Let M0 be a k[[t]]/(t
ri+1)⊗kΛr¯-module which defines a lift of A0,0 over k[[t]]/(t
ri+1)
corresponding to α0. Since the kernel of πri+1,ri is (t
ri)/(tri+1), then M0/t
riM0 ∼= M [Sri−1]. Consider the
k[[t]]/(tri+1) ⊗k Λr¯-module homomorphism g : M0 → t
riM0 defined by g(m) = t
rim for all m ∈ M0. Since
M0 is free over k[[t]]/(t
ri+1), if follows that the kernel of g is isomorphic to tM0. Since g is a surjection, it
follows that M0/tM0 ∼= t
riM0, which implies that t
riM0 ∼= A0,0. Hence, there exists a non-split short exact
sequence of k[[t]]/(tri+1)⊗k Λr¯-modules
(9) 0→ A0,0 →M0 →M [Sri−1]→ 0.
Since ΩM [Sri−1] = ΩM [ζ
−ri+1
i ] =M [c
k−1
i τi+2τi+1], then
Ext1Λr¯ (M [Sri−1], A0,0) = HomΛr¯ (ΩM [Sri−1], A0,0) = 0.
It follows that the sequence (9) splits as a sequence of Λr¯-modules. Hence M0 = A0,0 ⊕M [Sri−1] as Λr¯-
modules. Identifying the elements of M0 as (a,m) with a ∈ A0,0 and m ∈ M [Sri−1] we see that the t acts
on (a,m) ∈ M0 as t · (a,m) = (µ(m), σri−1(m)), where µ : M [Sri−1] → A0,0 is a surjective Λr¯-module
homomorphism and σri−1 is as in (8). Since the canonical homomorphism ǫ : M [Sri−1] ։ M [1i] → M [1i]
generates HomΛr¯ (M [Sri−1], A0,0), then there exists c ∈ k
∗ such that µ = cǫ, which implies that the kernel
of µ is tM [Sri−1]. Therefore t
ri(a,m) = (µ(tri−1m), σriri−1(m)) = (0, 0) for all a ∈ A0,0 and m ∈ M [Sri−1],
which contradicts the fact that triM0 ∼= A0,0. Thus α : R(Λr¯, A0,0) → k[[t]]/(t
ri) is an isomorphism and
R(Λr¯, A0,0) ∼= k[[t]]/(t
ri). This finishes the proof of Claim 4.2.
Next consider the string Λr¯-module A0,2 = M [(1i)hh].
Claim 4.3. The universal deformation ring R(Λr¯, A0,2) of A0,2 is isomorphic to k[[t]].
Proof of Claim. Let T0 = (1i)hh and for all l ≥ 1, let Tl = Tl−1τi(1i)hh. Thus, for all l ≥ 1 and by using
similar arguments as those in the proof of Claim 4.2, we get lifts (M [Tl], ϕl) of A0,2 over k[[t]]/(t
l+1), where
for each l ≥ 1, t acts on m ∈ M [Tl] as t ·m = δl(m), where δl is the non-trivial canonical endomorphism of
M [Tl] that factors through M [Tl−1], namely
(10) δl :M [Tl]։M [Tl−1] →֒M [Tl].
Note that for all l ≥ 1, we have natural projections πl,l−1 : M [Tl] → M [Tl−1]. Let N0 = lim←−
M [Tl] and let
t act on N0 as lim←−
πl,l−1. In particular, k ⊗k[[t]] N0 ∼= N0/tN0 ∼= A0,2, which implies that there exists an
isomorphism of Λr¯-modules ϕ0 : k ⊗k[[t]] N0 → A0,2. Let n = dimkA0,2 and let {B¯j}1≤j≤n be a k-basis of
10 JOSE´ A. VE´LEZ-MARULANDA
N0/tN0. For all 1 ≤ j ≤ n , we are able to lift these elements B¯j in N0/tN0 to elements Bj of N0 such
that {Bj}1≤j≤n is a generating set of the k[[t]]⊗k Λr¯-module N0. It follows that {Bj}1≤j≤n is a k[[t]]-basis
of N0, which implies that N0 is free over k[[t]]. Therefore, (N0, ϕ0) is a lift of A0,2 over k[[t]] and there
exists a unique k-algebra homomorphism β : R(Λr¯, A0,2) → k[[t]] in Cˆ corresponding to the deformation
defined by (N0, ϕ0), where R(Λr¯, A0,2) is the universal deformation ring of A0,2. Since N0/t
2N0 ∼= M [T1] as
Λr¯-modules, we can see as in the proof of Claim 4.2 that since N0/t
2N0 defines a non-trivial lift of A0,2 over
k[[t]]/(t2), then β is a surjection. Since R(Λr¯, A0,2) is a quotient of k[[t]], it follows that β is an isomorphism.
Hence R(Λr¯, A0,2) ∼= k[[t]]. This finishes the proof of Claim 4.3, which finishes the proof of Proposition 4.1.

Proposition 4.4. For i ∈ {0, 1, 2} mod 3, let Bi be the component of Γs(Λr¯) containing the Λr¯-module
M [τi], where r¯ = (r0, r1, r2, k) and r0, r1, r2 ≥ 3, k ≥ 1. Define
(τi)h = τiai+2 and h(τi) = bi+1τi.
If k = 1 then Bi = Ω(Ai+2), where Ai+2 is as in Proposition 4.1. Thus, Bi = Ω(Bi) if and only if k = 1 and
ri+2 = 2. The modules in Bi ∪ Ω(Bi) whose stable endomorphism rings are isomorphic to k are precisely
the modules in the Ω-orbits of the modules V0 = M [τi], V1 = M [(τi)h] and V−1 = M [h(τi)]. If k = 1 then
the universal deformation rings are
R(Λr¯, V0) ∼= k, R(Λr¯, V1) ∼= k[[t]]/(t
ri+2), R(Λr¯, V−1) ∼= k[[t]].
If k ≥ 2 then the universal deformation rings are
R(Λr¯, V0) ∼= k, R(Λr¯, V1) ∼= k[[t]], R(Λr¯, V−1) ∼= k[[t]].
Proof. Let i ∈ {0, 1, 2} mod 3 be fixed. Using hooks and co-hooks (see §3.2) we see that all Λr¯-modules in
Bi lie in the Ω-orbit of either
Cq,0 = M [τi(ai+2ai+1ai)
q], or
Cq,1 = M [τi(ai+2ai+1ai)
qai+2], or
Cq,2 = M [τi(ai+2ai+1ai)
qai+2ai+1], or
Dq,0 = M [(bi+2bibi+1)
qτi], or
Dq,1 = M [bi+1(bi+2bibi+1)
qτi], or
Dq,2 = M [bibi+1(bi+2bibi+1)
qτi]
for some q ≥ 0.
Note that C0,0 = M [τi] = D0,0, C0,1 = M [(τi)h], C0,2 = M [(τi)hh], D0,1 =M [h(τi)] and D0,2 = M [hh(τi)].
By Proposition 4.1, it follows that if k = 1 then M [τi] lies in Ω(Ai+2), which implies that Bi is Ω-stable if
and only if ri+2 = 2 and k = 1.
Using §3.3 and the description of the projective indecomposable Λr¯-module Pi in (6), it is straight forward
to show that the stable endomorphism rings of C0,j and D0,j are isomorphic to k for j ∈ {0, 1}, that
Ext1Λr¯ (C0,1, C0,1) and Ext
1
Λr¯ (D0,1, D0,1) are isomorphic to k, and that Ext
1
Λr¯ (C0,0, C0,0) = 0. Moreover, D0,2
and Dq,j with q ≥ 1 and j ∈ {0, 1, 2} have a non-zero canonical endomorphism factoring through M [τi]
that does not factor through a projective Λr¯-module. If k ≥ 2 or ri+2 ≥ 3 then C0,2 and Cq,j with q ≥ 1
and j ∈ {0, 1, 2} have a non-zero canonical endomorphism which factors through M [1i+1] and which does
not factor through a projective Λr¯-module. If k = 1 and ri+2 = 2 then C0,2 = Ω
−1C0,1, C1,0 = Ω
−3C0,0,
C1,1 = Ω
−3D0,1, and the modules C1,2 and Cq,j with q ≥ 2, j ∈ {0, 1, 2} have a non-trivial canonical
endomorphism factoring through M [1i+1] that does not factor through a projective Λr¯-module. Therefore,
for all r0, r1, r2 ≥ 2 and k ≥ 1, the modules in Bi ∪Ω(Bi) whose stable endomorphism rings are isomorphic
to k are precisely the modules in the Ω-orbits of C0,0, C0,1 and D0,1.
Since Ext1Λr¯ (C0,0, C0,0) = 0, it follows that R(Λr¯, C0,0)
∼= k. Since Ext1Λr¯ (C0,1, C0,1) and Ext
1
Λr¯ (D0,1, D0,1)
are both isomorphic to k then R(Λr¯, C0,1) and R(Λr¯, D0,1) are quotients of k[[t]]. Assume that k = 1. Then
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by Theorem 2.3 and Proposition 4.1, it follows that
R(Λr¯, C0,1) ∼= R(Λr¯,Ω
−2M [1i+2]) ∼= k[[t]]/(t
ri+2),
and
R(Λr¯, D0,1) ∼= R(Λr¯,ΩM [(1i+2)hh]) ∼= k[[t]].
Next assume that k ≥ 2. Let S0 = (τi)h, T0 = h(τi) and for all l ≥ 1, let Sl = Sl−1τi+1(τi)h and
Tl = Tl−1ζ
−1
i h(τi). Then by using similar arguments as in proof of Claim 4.3 within the proof of Proposition
4.1, we obtain that R(Λr¯, C0,1) ∼= k[[t]] ∼= R(Λr¯, D0,1). This finishes the proof of Proposition 4.4. 
Let Ci be the component of Γs(Λr¯) containing the string module M [τi+1τi] for some i ∈ {0, 1, 2} mod 3.
Observe that if k = 1 then Ci is one of the 3-tubes, otherwise Ci is a component of type ZA
∞
∞. In Proposition
4.6, we determine the universal deformation rings of modules whose stable endomorphism ring is isomorphic
to k lying in the 3-tubes (see Proposition 4.6). In the following result, we assume that k ≥ 2.
Proposition 4.5. For i ∈ {0, 1, 2} mod 3, let Ci be the component of Γs(Λr¯) containing the Λr¯-module
M [τi+1τi], where r¯ = (r0, r1, r2, k) and r0, r1, r2 ≥ 2, k ≥ 2. Define
h(τi+1τi) = bi+2τi+1τi and hh(τi+1τi) = bi+1bi+2τi+1τi.
The component Ci is Ω-stable if and only if k = 2. The modules in Ci whose stable endomorphism ring is
isomorphic to k are precisely the modules in the Ω-orbits of the modules W0 = M [τi+1τi], W−1 = M [h(τi+1τi)]
and W−2 =M [hh(τi+1τi)]. Their universal deformation rings are
R(Λr¯,W0) ∼= k[[t]]/(t
k), R(Λr¯,W−1) ∼= k, R(Λr¯,W−2) ∼= k[[t]].
Proof. Let i ∈ {0, 1, 2} mod 3 be fixed. Using hooks and co-hooks (see §3.2) we see that all Λr¯-modules in
Ci lie in the Ω-orbit of either
Eq,0 =M [τi+1τi(ai+2ai+1ai)
q], or
Eq,1 =M [τi+1τi(ai+2ai+1ai)
qai+2], or
Eq,2 =M [τi+1τi(ai+2ai+1ai)
qai+2ai+1], or
Fq,0 =M [(bibi+1bi+2)
qτi+1τi], or
Fq,1 =M [bi+2(bibi+1bi+2)
qτi+1τi], or
Fq,2 =M [bi+1bi+2(bibi+1bi+2)
qτi+1τi]
for some q ≥ 0. Note that E0,0 = M [τi+1τi] = F0,0, E0,1 = M [(τi+1τi)h], E0,2 = M [(τi+1τi)hh], F0,1 =
M [h(τi+1τi)] and F0,2 = M [hh(τi+2τi)]. Since ΩF0,0 = M [c(τi+1τic
k−2
i )], then Ci is Ω-stable if and only if
k = 2.
By using §3.3 and the description of the projective indecomposable Λr¯-module Pi in (6), it is straight
forward to show that for all j ∈ {0, 1, 2}, the stable endomorphism ring of F0,j is isomorphic to k and for
q ≥ 1, the module Fq,j has a non-trivial canonical endomorphism which factors throughM [τi+1τi] and which
does not factor through a projective Λr¯-module.
Assume first that k = 2. Since in this case Ci is Ω-stable, then for all j ∈ {0, 1, 2} mod 3 and for all
q ≥ 0 the Λr¯-module Eq,j lies in the Ω-orbit of Fq′,j′ for some j
′ ∈ {0, 1, 2} and q′ ≥ 0. In particular,
E0,1 = Ω
−1F0,0, E0,2 = Ω
−1F0,1 and E1,0 = Ω
−1F0,2. Next assume that k ≥ 3. Then for all q ≥ 0 and
j ∈ {0, 1, 2} the module Eq,j has a non-trivial canonical endomorphism, which factors through M [1i+2] and
which does not factor through a projective Λr¯-module. Therefore for all k ≥ 2, the modules in Ci whose
stable endomorphism ring is isomorphic to k are precisely the modules in the Ω-orbits of the modules F0,0,
F0,1 and F0,2.
Since Ext1Λr¯ (F0,1, F0,1) = 0, it follows that R(Λr¯, F0,1)
∼= k. Since Ext1Λr¯ (F0,0, F0,0) and Ext
1
Λr¯ (F0,2, F0,2)
are isomorphic to k then R(Λr¯, F0,0) and R(Λr¯, F0,2) are quotients of k[[t]]. Let T0 = hh(τi+1τi) and for all
0 ≤ j ≤ k − 1 and l ≥ 1, let Sj = c
j
i+2τi+1τi and Tl = hh(τi+1τi)ζ
−1
i Tl−1. By using similar arguments as
those in the proof of Proposition 4.1, we obtain that R(Λr¯, F0,0) ∼= k[[t]]/(t
k) and R(Λr¯, F0,2) ∼= k[[t]]. This
finishes the proof of Proposition 4.5. 
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4.2. 3-tubes.
Proposition 4.6. Let T1 and T2 be the two 3-tubes of Γs(Λr¯), with r¯ = (r0, r1, r2, k) and r0, r1, r2 ≥ 2 and
k ≥ 1. Then Ω(T1) = T2. Let T = ζ
−r0+1
0 and define
Th = ζ
−r0+1
0 τ2ζ
−r2+1
2 and Thh = ζ
−r0+1
0 τ2ζ
−r2+1
2 τ1ζ
−r1+1
1 .
The modules in T1 ∪ T2 whose stable endomorphism rings are isomorphic to k are precisely the modules in
the Ω-orbit of X0 =M [T ], X1 = M [Th] and X2 = M [Thh]. Their universal deformation rings are
R(Λr¯, X0) ∼= k, R(Λr¯, X1) ∼= k, R(Λr¯, X2) ∼= k[[t]]
Proof. Using the description of the projective indecomposable Λr¯-modules in (6), we see that Ω(T1) = T2.
Using §3.3 and the description of the projective indecomposable Λr¯-module Pi in (6), it is straightforward
to show that the only Λr¯-modules in T1 ∪ T2 whose stable endomorphism rings are isomorphic to k lie in
the Ω-orbit of either X0 = M [T ], X1 = M [Th] or X2 = M [Thh]. Since Ext
1
Λr¯ (Xj , Xj) = 0 for j ∈ {0, 1}, we
have that R(Λr¯, Xj) ∼= k for j ∈ {0, 1}. Since Ext
1
Λr¯ (X2, X2) is isomorphic to k, it follows that R(Λr¯, X2)
is a quotient of k[[t]]. Let S0 = Thh and for all l ≥ 1, let Sl = Sl−1τiThh. By using similar arguments as
those in the proof of Claim 4.3 within the proof of Proposition 4.1, we obtain that R(Λr¯, X2) ∼= k[[t]], which
proves Proposition 4.6. 
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